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1 Basi definitions and statements
Reently M. Bonk and U. Lang [BL℄ proved, that if a omplete Riemanni-
an manifold M is homeomorphi to the plane R2 and satisfies the onditions∫
M
K+dS < 2π,
∫
M
K−dS < ∞, then Lipshitz distane dL(M,R2) between
M and R2 satisfies the inequality
dL(M,R
2) ≤ ln
(2π + ∫
M
K−dS
2π − ∫
M
K+dS
) 1
2
.
This inequality is sharp if urvature does not hange its sign. Here K+ =
max{K, 0}, K− = max{−K, 0}, and dS is the area element. We will remind
definition of Lipshitz metri a little later.
In fat, this result was obtained in [BL℄ for the lass of Alexandrov surfaes
more wide than the lass of Riemannian manifolds.
This paper is inspired by the paper [BL℄ mentioned above; we will investigate
surfaes whih are not neessary simply onneted. In ontrast to the ase of
surfaes homeomorphi to R
2
, in more general ases we do not have any standard
models. By this reason we try to estimate the Lipshitz distane between two
homeomorphi surfaes. Our estimate ours to be far from the optimal one
(and in this part we even restrit ourselves proving finiteness of distanes). Our
onsideration is naturally divided into two parts: asymptoti at infinity and
study of ompat surfaes.
Our readers supposed to be familiar with the basi notions of two dimensional
manifolds of bounded total (integral) urvature theory. Its expositions an be
found, for instane, in [AZ℄ and [Resh℄.
Hereafter Alexandrov surfae means a omplete two dimensional manifold
of bounded urvature with a boundary; the boundary (whih may be empty) is
supposed to onsist of finite number of urves with finite variation of turn.
We introdue the following notations: letM be an Alexandrov surfae with a
metri d, ω be its urvature, whih is a signed measure, ω+, ω− be the positive
and negative parts of the urvature, and Ω = ω+ + ω− be the variation of the
urvature. For any Riemannian manifold, ω+ =
∫
M
K+dS, ω− =
∫
M
K−dS.
∗
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A point p arrying urvature 2π and a boundary point arrying turn π are
alled peak points.
Reall that dilatation dil f of a Lipshitz map f : X → Y , where (X, dX)
and (Y, dY ) are metri spaes, is defined by the equality
dil f = sup
x,x′∈X, x 6=y
dY (f(x), f(x
′))
dX(x, x′)
.
A homeomorphism f is alled bi-Lipshitz if both maps, f and f−1, are Lipshitz
ones. The impression
dL(X,Y ) = inf
f : X→Y
ln
(
max{dil(f), dil(f−1)})
is alled Lipshitz distane between X and Y ; here infimum is taken over all
Lipshitz homeomorphisms f : X → Y . Metri spaes X , Y are bi-Lipshitz
equivalent if and only if dL(X,Y ) <∞.
Theorem 1. Let two ompat Alexandrov surfaes are homeomorphi one to
another, have no peak points. Then these surfaes are bi-Lipshitz equivalent
one to another.
This theorem is trivial for Riemannian manifolds beause two homeomorphi
smooth 2-manifolds are always diffeomorphi. Theorem 1 does not give an upper
estimate for Lipshitz distane via some finite set of geometri harateristis
of the surfaes, like their diameters, total urvatures, systoli onstants, et.
However suh an estimate does exist; we are going to publish this result in a
separate paper.
Let T be an end; i.e., an Alexandrov surfae homeomorphi to a losed disk
with the removed enter and suh that for every sequene of points pi ∈ T with
images in the disk onverging to the enter, the ondition d(a, pi) → ∞ holds
for i → ∞; here a is any fixed point. Suh a sequene is alled diverging (or
going to infinity) one.
Let us denote the turn of the end boundary ∂T by σ. We all the value
v(T ) = −ω(T ) − σ a growth speed of the end T . The Cohn-Vossen inequality
says that this value is not negative. The growth speed of an end is positive if and
only if lim
i→∞
l(γi)
d(a, pi)
> 0, where l(γi) is the length of the shortest nonontratible
loop with the vertex pi. Under ondition Ω(T ) < ∞, this limit is well-defined
and is not greater than 2.
As it was proved in ([Hub℄, [Ver℄), a omplete Alexandrov surfae satisfying
the ondition ω−(M) < ∞ is homeomorphi to a losed surfae with finite
number of removed points. Ends are appropriate losed neighborhoods of these
points. So, any Alexandrov surfae an be ut into a ompat part and some
ends.
Theorem 2. Let two omplete Alexandrov surfaes M1, M2 be homeomorphi
one to another, satisfy the ondition ω−(Mi) < ∞ and ontain neither points
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with urvature 2π, nor boundary points with turn π. Also, let all ends of these
surfaes have nonzero growth speed. Then these surfaes are bi-Lipshitz equiva-
lent.
Remark 1. We all two ends to be equivalent if their intersetion ontains an
end. It is not diffiult to see that equivalent ends have equal growth speeds.
This means that the theorem above does not depend on how are ut surfaes
into ompat parts and ends.
Simple examples show that ends having zero speed (even having no peak
points) are not neessary bi-Lipshitz equivalent. For instane, none of the sur-
faes obtained by rotation of the following graphs are bi-Lipshitz equivalent:
{y = √x, x ≥ 1}, {y = 1, x ≥ 0}, {y = e−x, x ≥ 0}.
Note that surfaes of rotation obtained from the last graph and the graph of
the funtion {y = e−2x, x ≥ 0} are bi-Lipshitz equivalent.
Also note that an end having zero growth speed an not be bi-Lipshitz
equivalent to an end with nonzero growth speed.
An end is rotationally symmetri if its isometry group ontains a subgroup
whose restrition to the boundary is transitive. The problem of bi-Lipshitz
equivalene of ends an be redued to the similar problem for rotationally sym-
metri ends. More preisely, the following theorem takes plae.
Theorem 3. Every end T satisfying the ondition ω−(T ) <∞ and having no
peak points is bi-Lipshitz equivalent to a rotationally symmetri end with the
same growth speed.
Remark 2. If v(T ) > 0, then the end T ontains a smaller end T1, suh that
the Lipshitz distane between T1 and a plane with a disk of length l = l(∂T1)
removed an be estimated from above by a value depending on v è l only.
This remark an be proved by a minor modifiation of arguments from [BL℄;
so we omit the proof.
We see that the problem of bi-Lipshitz lassifiation of ends with zero
growth speed is redued to a problem for funtions in one variable. Intuitively,
one an imagine a zero speed end as having a peak point (with urvature 2π)
at infinity. From this point of view, it is naturally to expet analogy between
lassifiation of zero speed ends and bi-Lipshitz lassifiation of neighborhoods
of finite peak points. Note that for smooth surfaes with isolated singularities
the lassifiation problem for neighborhoods of peak points was onsidered by
D. Grieser [Gr℄.
Sketh of the proof.
The idea of our proof of Theorem 1 is simple. Here is the sketh of the proof.
Preliminary a simply onneted region△ bounded by a simple losed urve with
three seleted points was alled a generalized triangle. These points are verties
of the triangle, intervals of the urve between verties being its sides. We always
assume that lengths of the sides satisfy the triangle inequality, the sides are
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geodesi broken lines. Atually we will onsider only generalized triangles with
small variations of urvature and turn of its sides. We will often omit the word
generalized.
A partition of a 2-manifold M is a set of generalized triangles in M , whose
interiors do not overlap and whose union is the whole M . A triangulation of M
is a partition suh that for any two triangles of it their intersetion is either a
side or a vertex.
We will partition both Alexandrov surfaesM1,M2 into generalized triangles
in suh a way that these triangles have small variations of urvature and turn of
its sides, but angles are separated from zero. In partiular, we inlude all points
arrying essential portion of urvature in the set of verties of the triangles .
We prove that eah triangle of the partition is bi-Lipshitz equivalent to its
omparison triangle; i.e., to a planar triangles with the same side lengths; one
an hoose suh a bi-Lipshitz mapping to preserve length of sides. For this we
use the method introdued by I. Bakelman [Bak℄ for onstruting Thebysev
oordinates in Alexandrov surfaes. Replaing eah generalized triangle of our
partition by its omparison triangle and attahing last planar triangles together
in aording with the same ombinatorial sheme, we will get two surfaes
P1, P2 equipped with polyhedral metris. In aording to our onstrution, eah
polyhedron Pi is bi-Lipshitz equivalent to the surfaeMi, i = 1, 2. Finally, note
that the polyhedra P1 and P2 are bi-Lipshitz equivalent one to another. This
ends the proof.
Theorem 2 follows from Theorem 1 and the lemma below.
Lemma 1. Every end T with nonzero growth speed, without peak points and with
ω−(T ) <∞ is bi-Lipshitz equivalent to R2 with a disk removed (as always, we
suppose that boundary of the end is a urve with nite variation of turn and
no peak points on the end and its boundary). Moreover, there is a bi-Lipshitz
equivalene induing an ane map on the boundary of the end.
In ase when urvature and turn of the boundary are not great, the lemma
an be proved by a minor modifiation of arguments from [BL℄; to do this it is
suffiient to suppose that ω+(T ) + τ+(∂T ) < π, where τ+(∂T ) is the positive
turn of the end boundary (from the side of the end).
To prove the lemma in the general ase, it is suffiient to ut the end into
an annular and an end satisfying the last ondition and to apply Theorem 1 to
the annular.
Lemma 1 also follows from Theorem 3 and Theorem 1. Indeed, Theorem 3
easily implies that every end with nonzero growth speed is bi-Lipshitz equiva-
lent to a one over a irle of appropriate length with a round neighborhood of
the vertex removed. The last surfae is obviously bi-Lipshitz equivalent to the
plane with a disk removed.
To prove Theorem 3, we will use again a modifiation of I. Bakelman's
onstrution [Bak℄ .
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2 Triangles having small urvature.
We begin with simple statements about planar triangles. Let △ABC be a flat
triangle. Denote by a, b, c its sides opposite to the angles ∠A, ∠B, ∠C, orre-
spondingly. We will denote side lengths by the same letters as sides.
Lemma 2. Let planar triangles △ABC and △ABC be suh that b = b, c = c,
∠A ≤ ∠A ≤ L ·∠A, and L∠A−∠A ≤ π(L− 1), where L > 1. Then the optimal
bi-Lipshitz onstant of the ane transformation mapping △ABC to △ABC is
not greater than L.
It is suffiient to find eigenvalues of the affine transformation under onsi-
deration to prove the lemma.

Corollary 4. Let triangles △ABC and △ABC satisfy the onditions:
L−1 ≤ c/c ≤ L, L−1 ≤ b/b ≤ L,
ǫ ≤ ∠A ≤ π − ǫ, ǫ ≤ ∠A ≤ π − ǫ.
Then the optimal bi-Lipshitz onstant of the ane transformation mapping
△ABC on △ABC is not greater than (L π
2ǫ
)2.
Lemma 3. Let triangles △ABC and △ABC satisfy the ondition: b = b, c = c,
D ∈ BC. Denote by D the image of the point D under ane transformation
mapping △ABC onto △ABC.
Let ∠BAD = α, ∠CAD = β, ∠BAD = α1, ∠CAD = β1. Suppose that
α <
π
2
, β <
π
2
and
0 < ∠BAC − α < π
2
, 0 < ∠BAC − β < π
2
.
Then
|α− α1| ≤ |∠BAC − ∠BAC|, |β − β1| ≤ |∠BAC − ∠BAC|.
Proof. Suppose that ∠BAC > ∠BAC. Let us show that in this ase α1 ≥
α, β1 ≥ β. After these equalities α+ β = ∠BAC, α1 + β1 = ∠BAC, will imply
the lemma.
Sine D is the image of D,
sinα
sinβ
=
sinα1
sinβ1
.
Suppose that α1 < α. Consider the point Z in BC suh that ∠BAZ = α. Then
sinα
sinβ
<
sin(BAZ)
sin(CAZ)
,
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therefore sinβ > sin(∠BAC − α). But 0 < β < (∠BAC − α) < pi
2
. This means
that sinβ < sin(∠BAC − α). Contradition.
The ase ∠BAC < ∠BAC an be onsidered analogously.

Now let us go bak to Alexandrov surfaes. For a generalized triangle △ ⊂
M , we denote
Ω′(△) = Ω(int(△)) + σ(△),
where σ(△) is the sum of variations of turn of the triangle sides from inside.
Lemma 4. For every θ > 0, there exist numbers δ(θ) > 0 and L(θ) > 1 with the
following property: if every angle of a generalized triangle △ABC is not less than
θ, and if Ω′(△ABC) < δ(θ), then there exists a bi-Lipshitz map of the triangle
ABC on its omparison triangle with the onstant L(θ), whose restrition on
the boundary of the triangle preserves lengths.
This lemma looks like to be obvious, and the fat we ould find neither an
appropriate referene nor a very simple proof a little surprising seems to be very
surprising.
Proof. 1. It is suffiient to prove our lemma only for polyhedral metris.
So we suppose that our metri is a polyhedral one. We will use a onstrution
whih is a minor modifiation of I. Bakelman's one, see [Bak℄. Suppose that
our △ABC (equipped with a polyhedral metri) is a part of a omplete surfae
M homeomorphi to R2 and flat outside the triangle. (For that, let us ut
out a omparison triangle △ABC from R2 and then attah △ABC instead of
△ABC.) Then we extend sides AB and AC as rays AB∗ and AC∗. Denote the
setor B∗AC∗ by S.
We will partition the setor S (more preisely, some region of it ontaining
△ABC) onto flat parallelograms oming into ontat one with another along
the whole sides in suh a way that four parallelograms adjust to eah vertex
(exept ones belonging the boundary of S). This allows immediately to intro-
due Thebysev oordinates in the setor S. These oordinates give (after some
additional deformation straightening the side BC) required bi-Lipshitz map.
2. To simplify exposition, suppose that △ABC is an ordinary (not
generalized) triangle with zero turn of its sides. The general ase differs from
this model by nonessential details only. Note that the differene of orrespond-
ing angles of triangles △ABC and △ABC is not greater than some fun-
tion of Ω′(△ABC) (this funtion an be given expliitly), whih goes to zero
together with Ω′. The proof of that is standard and based on the theorem about
ar and hord ([AZ℄, Lemma 5 of Chapter 9), the GaussBonnet theorem, and
omparison theorem for (nongeneralized) triangles.
As a result, we an hoose δ to be so small (smallness depends on θ only),
that every angle of the triangle △ABC is not less than 2
3
θ.
3. Let ∠C be the smallest angle of the triangle, and ∠A be the greatest one.
Then angles ∠B and ∠C are aute and eah of them do not exeed 1
2
π − 1
3
θ.
4. Let us onsider the line l ontaining the ray AB∗ and begin to shift it
(ontinuously) parallel to itself inside the setor S. Initially this line will ut
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a flat oblique semi-strip from S. We will ontinue this proess until verties
of the metri appear in l for the first time. Denote by A11 the intersetion of l
and AC∗, and let A12, . . . , A1n1 be verties of the metri whih appears in l∩S,
numbered from left to right.
From every point A1i we emulate a geodesi A1iB1i outside the ut off semi-
strip and so that |A1iB1i| = |A1jB1j | for all i, j and besides ∠B1iA1iA1,i+1 +
∠A1iA1,i+1B1,i+1 = π. If the length of |A1iB1i| is suffiiently small, then we
get a strip onsisting of flat parallelograms A1iB1iB1,i+1A1,i+1. Let us hoose
|A1iB1i| so that the vertexes of the metri appear for the first time on the broken
line B11B12B1,3 . . . . Following this proess we will get the partition of the setor
S by parallelograms. (the last one in this set of parallelograms is supposed to be
an infinite oblique semi-strip) To make parallelograms to be adjaent along the
whole sides, it is suffiient to slit some of them into more narrow parallelograms.
5. If δ < θ the proess desribed above an be ontinued until we exhaust
all setor S and it will produe bijetive mapping of the setor S onto the first
quadrant S0 of the plane with the oblique oordinatesOuv, where the oordinate
angle ∠uOv equals to the angle ∠A = α of the setor S.
Indeed, there ould be only one obstale: namely, at some step the broken
line Λk = Ak1, Ak2 . . . might touh itself or the ray AB
∗
. In both ases we would
obtain a losed broken line bounding a region G homeomorphi to some disk.
Applying the GaussBonnet formula to G, we would ome to a ontradition
with smallness of the urvature of our triangle (in ompare with its angles).
6. Now we an introdue Thebyhev oordinates in S. For the oordinates
(u, v) of a point p we'll take the lengths of the broken lines onneting this
point with the rays AC∗, AB∗, suh that in every parallelogram rossed by
these lines the latter ones go along the intervals parallel the orresponding sides
of the parallelogram. Let S0 be the first oordinate quadrant of the plane R
2
,
and ϕ : S → S0 be the oordinate mapping onstruted aording to this plan.
7. On S0 we define the metri by the linear element
ds2 = du2 + 2 cos τ(u, v)dudv + dv2,
where
τ(u, v) = α− ω(ϕ−1(Duv))
and Duv is the parallelogram [0 ≤ u′ < u, 0 ≤ v′ < v].
This linear element makes S0 to be a metri spae (S0, d1).
8. The map ϕ is an isometry of S to (S0, d1). It is not diffiult to hek this
onsequently along all parallelograms of our partition of S.
Consider, in addition, the standard flat metri d2 defined by the linear ele-
ment ds2 = du2 + 2 cosαdudv + dv2 on S0. The map id : (S0, d1)→ (S0, d2) is
linear on every parallelogram. The inequality |τ(x, y) − α| ≤ Ω′(S) < δ shows
that this map is bi-Lipshitz with onstant (δµ). Here and further we denote by
µ positive onstants (may be different) whih depend on θ only.
The image of the side BC of the triangle△ABC under the map ϕ1 = id◦ϕ is
a broken line Λ = Y0Y1 . . . Yl, where Y0 = B
′ = ϕ1B, Yl = C
′ = ϕ1C. We want
to prove, that there is a µ-bi-Lipshitz transformation ζ, whih move the region
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Q, bounded by this broken and the shortests A′B′, A′C′ (where A′ = ϕ1A is
the vertex of the setor S0) onto the triangle △A′B′C′. After that, it will be
suffiient to apply Lemma 2 to the flat triangles △A′B′C′ and △ABC to finish
the proof of the lemma.
The transformation ζ is defined as follows. Denote by Xi the intersetion of
the ray A′Yi and the side B
′C′ of the triangle △A′B′C′. Now we map affine
eah triangle △A′YiYi+1 onto the orresponding triangle △A′XiXi+1. Let us
show that it gives a µ-bi-Lipshitz map we need.
Indeed, every interval YiYi+1 of the broken Λ is an affine image of an interval
loated in one of the parallelograms. By our onstrution, parallelograms in
(S0, d2) are disposed by horizontal rows. Adding horizontal and vertial
rays we an onsider eah point Yi to be a vertex of a parallelogram. As δ is
small in ompare with θ, every interval YiYi+1 is a diagonal of the orresponding
parallelogram. Let a ray Ni be the upper bound of k-th row, so that Yi ∈ Ni,
and N˜i = ϕ
−1
1 (Ni). It is not diffiult to see that variation of turn of broken line
N˜i is not greater than Ω
′(M) < δ (this is a rough estimate). Let us apply the
GaussBonnet formula to the region bounded by the shortest AB, intervals of
the shortests AC, BC and the urve N˜i. This gives immediately that the angle
between N˜i and the shortest BC is different from the angle∠B not greater than
on 2δ. That means that the angle between N˜i and starting at N˜i edge of the
broken line Λ, and so also the angle between the same edge and the ray A′B′, is
differ from the angle ∠B′ of the triangle △A′B′C′ not greater than on 3δ (that
follows easily from Lemma 3). Now it is not diffiult to alulate that
| A
′Yi
A′Xi
− 1| < 10δ
α
(under the ondition, that δ is small in omparison with α). Applying Lemma
4 to the ouples △A′XiXi+1 and △A′YiYi+1, we get that triangle △A′B′C′
and △ABC are bi-Lipshitz equivalent with some onstant µ.Unfortunately
the restrition of the map we onstruted is not an isometry for the side BC
. Nevertheless this restrition hanges distanes not greater than in µ times;
therefore it is possible to orret our map in every triangle △A′XiXi+1 in suh
a way that it remains to be a bi-Lipshitz equivalene (with some onstant µ′)
but beomes to be an isometry on the boundary of the triangle. So we got the
required map.

Lemma 5. There exists ξ > 0 suh that if a generalized triangle △ABC in
Alexandrov spae satises the onditions:
∠ABC ≥ π
5
, ∠ACB ≥ π
5
, ∠BAC > 0, Ω′(△ABC) < ξ,
then there exists a bi-Lipshitz map of the triangle △ABC onto its omparison
triangle whose restrition to the boundary maps verties to the orresponding
verties and preserves lengths.
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In ontrast to the previous lemma, now we allow one of angles to be arbitrary
small; but from another side now we an not estimate bi-Lipshitz onstant.
Proof. To prove our Theorem, we ut our triangle into triangles in suh
a way, that eah of them is bi-Lipshitz equivalent to its omparison triangle.
We suppose that α = ∠BAC < 1
100
, otherwise Lemma 4 would say that our
triangle is L( 1
100
)-bi-Lipshitz equivalent to its omparison triangle △ABC.
Now we hoose χ = min{δ( 1
100
π), 1
1000
}, see Lemma 4.
It is easy to see that there exist points A1, C1, B1 on the sides BC, AC and
AB, orrespondingly, suh that
|AB1| = |AC1|, |BA1| = |BB1|, |CA1| = |CC1|.
Consider shortests (w.r.t. the indued metri of the triangle) onneting these
points. They partition △ABC onto four triangles (see an explanation below).
Let us repeat the same onstrution for the triangle△AB1C1; i.e., hoose points
A2, C2, B2 in the sides B1C1, AC1 è AB1, suh that
|AB2| = |AC2|, |B1A2| = |B1B2|, |C1A2| = |C1C2|.
Let us ontinue this proess. It is not diffiult to alulate that all the angles
of all the triangles we obtained are separated from zero and π, for instane,
they lie between 0, 05π and 0, 95π. Therefore, aording to Lemma 4, all suh
triangles, exept the triangle △ABiCi, are L(0, 05π)-bi-Lipshitz equivalent to
their omparison triangles.
Note that the partition proess of the triangle an be ontinued up to infinity
and
∑ |BiCi| = ∑(|BiBi+1| + |CiCi+1|) ≤ |AB| + |AC|, so that |BiCi| → 0,
when i → ∞, and Bi, Ci → A, as α = ∠BAC > 0. It follows that there exists
an i = i0 suh that Ω
′(△ABi0Ci0) < δ(α) and hene △ABi0Ci0 is bi-Lipshitz
equivalent to its omparison triangle (again aording to Lemma 4).
We omplete the proof of the theorem using the bakward indution on i:
△ABi0Ci0 is bi-Lipshitz equivalent to its omparison triangle. Suppose, that
the same is true for △ABi+1Ci+1, where i ≤ i0, and prove for △ABiCi. The
latter is ut into 4 triangles eah being bi-Lipshitz equivalent to its omparison
triangle. Consider the analogous partition for the omparison triangle△ABiCi.
As the urvature of △ABC is small being ompared with the angles of the tri-
angles under onsideration (exept ∠BAC), triangles of the partition of the
triangle △ABiCi are almost the same as omparison triangles for the orres-
ponding triangles of our partition of△ABiCi. That is why it is easy to onstrut
bi-Lipshitz mappings for these ouples of triangles. With this the proof is om-
pleted.

3 Compat Alexandrov surfaes
To prove Theorem 1 we need the following
Lemma 6. For any ξ > 0 there exists a partition by generalize triangles of every
ompat Alexandrov surfae M without peak points suh that for any triangle △
of this partition has positive angles and Ω′(△) < ξ.
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Proof. First of all, we triangulate a small neighborhood of eah point p
suh that Ω(p) ≤ 1
2
ξ, where ξ was hosen aording to lemma 5. We hoose
suh neighborhoods to be bounded by broken lines and not overlapping. It is
easy to triangulate these neighborhoods to satisfy onditions of the lemma.
To partition the remain part of the surfaeM we use Theorems 2 from Chap-
ter 3 of the book [AZ℄: Any ompat subset of M with a polyhedral boundary
an be overed by a set of arbitrary small pairwise nonoverlapping simple trian-
gles suh that in every triangle there is no side equals to the sum of two other
sides.
It is lear that these triangles an be hosen to be so small that for eah
of them Ω′ < 1
2
ξ. All that is left, is to deform these triangles to turn them
into generalized triangles to remove the zero angles and not to break the other
suppositions of the Lemma. It is suffiient to remove one zero angle and to use
indution over the number of zero angles. Suppose that there is at least one zero
angle. As we have no peak points, we an find two adjaent angles, say, ∠BOA
and ∠AOC, the first one being equal to zero and the seond one being nonzero.
Note, that the urve AOC may either onsist of two sides or be a whole side of
a generalized triangle. Now it is suffiient to replae a very short initial interval
of the urve OA by a two-omponent broken line ODE, where E ∈ OA, lying
in the setor ∠AOC, by a very small but nonzero angle with OA and suh that
variation of the turn of the broken line ODEA exeeds variation of the turn of
the shortest line OA very slightly.

Proof of Theorem 1.
Let us onsider a partition of a ompat Alexandrov surfae M satisfying
Lemma 6. We want to prove that every triangle of this partition is bi-Lipshitz
equivalent to a flat triangle with the same side lengths. Besides, orresponding
bi-Lipshitz maps an be hosen so that their restritions to the boundaries of
the triangles have to be isometries. For a triangle with two angles not less than
1
5
π eah, this is true by Lemma 5. Therefore we an assume that the triangle
△ under onsideration has two angles, eah of whih is less than 1
5
π. Then the
third angle is not less than
3
5
π−Ω′(△) ≥ 3
5
π− 1
500
. Let △ = △ABC, the angle
∠B being the greatest one.
As the urvature of the triangle△ is small, the angles of any lune formed by
two shortests and ontaining in △ do not exeed 1
500
. Therefore there is a point
X ∈ AC suh that any shortest BX makes angles with AB and CB not less
than
3
10
π− 1
500
. Some simple alulation shows that the both triangles, △ABX
and △CBX , satisfy the onditions of Lemma 5. Hene, both of the triangles
are bi-Lipshitz equivalent to their omparison triangles respetively. It is easy
to see that the same is true for △ABC. Thus M is bi-Lipshitz equivalent to
some surfae with a polyhedral metri.
Now it remains to use the fat that if two polyhedral surfaes X and Y are
homeomorphi, then there exists a pieewise linear homeomorphism g : X → Y
between them. Then aording to [RS℄ we an find suh isomorphi subdivi-
sions X ′ and Y ′ of these triangulations (by flat triangles) that g is linear on
every triangle of g and transform it into orresponding triangle of Y ′. Taking
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this into aount, we derive that two homeomorphi polyhedral Alexandrov
spaes are bi-Lipshitz equivalent, and hene the same is valid for two arbitrary
homeomorphi Alexandrov spaes satisfying the onditions of the theorem.

4 Rotationally symmetri ends
An end T is rotationally symmetri if there is an isometry group of T ating
transitively in ∂T .
Proof of Theorem 3.
If an end has nonzero speed, then Remark 2 says that it is bi-Lipshitz
equivalent to R
2
with a disk removed. We have mentioned already, that this
fat an be proved by a minor modifiation of the method of the paper [BL℄.
Therefore we an suppose that the end T has zero speed. In addition, it is
suffiient to prove the theorem for polyhedral ends having a finite number of
verties. And we an restrit ourselves only with ends satisfying the following
onditions:
1) the boundary Γ of the end is either a geodesi loop or a polygon, all angles
of whih being not greater than π.
2) Ω(T )+σ(Γ) < ǫ = 1
1000
, where σ(Γ) is the variation of the boundary turn
of the end.
Indeed, we an ut off a tubular neighborhood of the boundary in suh a
way that the remaining end will satisfy the onditions 1)  2) and the annulus
we ut off will be bi-Lipshitz equivalent to a flat annulus (Theorem 1).
Further we assume the onditions 1)  2) to be fulfilled. Subsequent proof
is similar to our proof of Lemma 4. The only differene is that now we will
onstrut a partition of the end into flat trapezoids; these trapezoids will be
plaed at layers, and all trapezoids in one layer will have equal highs. Eah layer
will be bi-Lipshitz equivalent to a surfae of revolution, bi-Lipshitz onstants
will be uniformly bounded, and restritions of orresponding bi-Lipshitz maps
to boundaries will preserve lengths.
To do that, from every angular point Xi, i = 1, . . . ,m, of the geodesi
broken Γ (i.e, from points in whih Γ has nonzero turn) we emanate a geodesi
forming equal angles with branhes of Γ starting at Xi; i.e., going along the
bisetor of the angle between the branhes. Choose a small number h1 > 0 and,
in every suh a geodesi, selet a point X1i suh that |XiX1i| = (cosαi)−1h1,
where 2α is the turn of Γ at Xi.
Now we onnet ylially the points X1i by shortests X1iX1 i+1. For
suffiiently small t1 the quadrangles XiX1iX1 i+1Xi+1 are flat nonoverlapping
trapezoids having highs h1 and angles αi and αi+1 adjoined to the bottom
base. (If Γ is a loop with zero turn everywhere exept the vertex, we get one
trapezoid glued with itself along X1X11.)
Now we will inrease h1 until one of the following events happens:
a) A vertex of the metri appears for the first time in the broken line Γ1 =
X11, X12, . . . , X1m.
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b) Shortests XiX1i, X1 i+1Xi+1 meet together at a point X1iX1 i+1 for some
i.
For sure, several suh appearanes and meetings an happen simultaneously.
It is not diffiult to see that nothing but events a)  b) an happen as urvature
is small.
We repeat the desribed onstrution starting with the broken line Γ1. (The
number of its verties may be more numerous just as less numerous than the
number of verties of the broken line Γ.) We get the seond row of trapezoids,
and so on. Just as in the proof of Lemma 4, our supposition guarantees that
this proess will not stop until all the verties of the metri are exhausted. In
addition, the turn of the broken line Γk is the sum of the turn of the broken line
Γk−1 and urvatures of the additional verties, so that σ(Γk) ≤ Ω(T ) + σ(Γ).
In partiular, all the angles of onstruted trapezoids differ from π/2 not more
than
1
1000
.
Denote the length of the broken line Γk, k = 0, 1, . . . by Lk = L(Γk). Here
we presume Γ = Γ0. Now we onsider an annular Ci lying on the one with the
total angle θ = t−1k (Lk − Lk−1) around its vertex O and bounded by irles of
radii θ−1Lk and θ
−1Lk+1 entered at O. The lengths of these irles are Lk and
Lk+1, and they distaned one from another by hk. ( If Lk = Lk+1, then the
one degenerates into a ylinder, simplifying our onsiderations).
Our next (and final) aim is to show that every annual layer between Γk and
Γk+1 an be bi-Lipshitz mapped onto Ck, the onstant depending only on ǫ, we
have hosen. The number k of the layer is supposed to be fixed and further it will
be omitted in notations. Put ai = |Xk iXk i+1|, bi = |Xk+1 iXk+1 i+1|, a =
∑
ai,
b =
∑
bi. Consider the trapezoid ABCD with |AD| = a, |BC| = b, ∠DAB = π
and mark points A = A0, A1, . . . , Am = D and B = B0, B1, . . . , Bm = C on
its bases suh that |AiAi+1| = ai, |BiBi+1| = bi. Simple alulations show that
angles βi between the intervals AiBi and the trapezoid bases are uniformly
separated from zero and π by the onstant depending only on ǫ. In fat, as we
have |aj− bj| = h| tgαj+tgαj+1| ≤ 2h(|αj |+ |αj+1|), (the last inequality holds
beause ǫ is small), then
| ctg βi| = h−1|
∑i+1
j=1(aj − bj)| ≤ 4
∑m
j=1 |αj | ≤ ǫ.
Now it is not diffiult to onstrut a map of eah trapezoid of the end
partition onto orresponding trapezoid AiBiAi+1Bi+1 and hene a map of eah
annual layer onto orresponding trapezoid ABCD. At last, it is easy to map
the trapezoid ABCD onto the orresponding annual Ci on the one. (All the
maps an be onstruted in suh a way that their restritions on the boundaries
preserve the lengths).

Final Remarks: Alexandrov polyhedra.
Together with Alexandrov surfaes it is possible to onsider polyhedra glued
of them.
Alexandrov polyhedron is a onneted 2-polyhedron P glued from a finite
number of Alexandrov surfaes under the onditions (i) the gluing are made
along the boundary urves, and (ii) parts attahed one with another have equal
lengths (more preisely, the gluing is made along isometries of boundaries).
A partiular ase of Alexandrov polyhedra are 2-polyhedra of the urvature
bounded above investigated in [BB℄. Notions of essential edge and maximal fae
used there are of pure topologial nature and hene an be applied in our ase.
Eah maximal fae is an Alexandrov surfae (by Alexandrov's Gluing Theorem).
We do not exlude a "boundary urve"onsisting of one point (the turn of suh
a urve is, by definition, 2π − θ, where θ is the total angle around this point).
It might be also possible to allow existene of edges without any faes adjaent
to them. Nevertheless we will not do it here. Also for simpliity we restrit
ourselves by polyhedra without boundary edges.
Remark. This definition of Alexandrov polyhedra is of onstrutive
harater. We would like to find an axiomati (workable) definition of Alexan-
drov polyhedra. But alas, we ould not manage to do it.
For Alexandrov polyhedra, urvature an be naturally defined. In fat, it is
suffiient to define it for essential verties and on subsets of essential edges, as
out of these verties and edges urvature of a set is assumed to be equal to its
urvature as a part of the maximal fae. If γ is an essential edge, e ⊂ γ, and τi
is the turn of γ as of the part of the boundary of the i-th fae adjaent to γ,
then by definition ω(e) =
∑
i τi(e), where sum is spread over all faes adjaent
to the edge γ. For the vertex p, urvature is defined by the formula
ω(p) = (2− χ(Σp))π − s(Σp),
where χ and s are Euler harateristi and the length of the graph Σp. Under this
definition of the urvature, for ompat Alexandrov polyhedra GaussBonnet
Theorem is true in its ordinary form.
The situation with positive and negative parts of the urvature is more
ompliate. We also need to make the definition of ends more preise. Having
in mind the straightforward generalizations of the theorem above, we must
exlude analogies of peak points and the ends with zero speed growth. The
former means that we should suppose that the maximal faes having to ontain
neither inner points with the urvature 2π, nor boundary points for whih the
boundary has the turn π. This restrition an be desribed more stritly using
the language of urvatures of the essential edges and verties. Namely, we need
to suppose that there are no points p in whih maxi τ
+
i (p) = π on the essential
edges. Here maximum is taken over all the faes adjaent to γ. For the vertex
p, let us onsider its link Λ(p).
Verties of a link orrespond to essential edges of the polyhedra (starting
at p) and its edges orrespond to the maximal faes to whih these edges are
adjaent; in partiular, the edges of a link an be irles (do not ontaining
essential verties or ontaining only one vertex). The spae of diretions at the
point p naturally indues a semi-metri on Λ(p). Now let us assume this semi-
metri to be a metri; i.e., Λ(p) to be homeomorphi to the spae of diretions.
In other words, we laim that every edge of a link has nonzero length in the
angle metri.
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Now about ends. Let Q be a part of a polyhedron with omplete infinite
metri homeomorphi to the diret produt of a finite graph and R
+
. It is
reasonable to onsider a one; i.e., single-point ompatifiation Q¯ = Q∪{p} of
the spae Q, so that all paths going to the point p have infinite length.
We will think of ends as of subones of this one whih are ones over the
ars of the graph onneting its two neighboring essential verties. Thus an end
an look either as S1 × R+ or as [a, b]×R+.
With these definitions in mind the theorems proved above an be easily
extended from surfaes to the Alexandrov polyhedra.
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